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Abstract

Dual snake models are powerful techniques for
boundary extraction and segmentation of medical and
biological images. In these methods the key idea is:
one contour contracts from outside the target and
another one expands from inside as a balanced
technique with the ability to reject local minima.
Such approach was originally proposed in the context
of parametric snakes. More recently, it was re-
worked through implicit formulation where the
deformable contours are zero level sets of embedding
functions. In this paper we review implicit dual active
contours for medical image segmentation. We start
with a background in level set methods. Following,
we consider variational formulations of dual models,
aiming to set the background to derive the evolution
scheme through the Euler-Lagrange equations, and to
clarify the global optimization capabilities of dual
techniques. Then, we summarize numerical aspects
regarding finite difference approaches, initial and
boundary conditions for dual techniques. Following,
we review variational implicit models which are very
influenced by the Chan-Vese Active contour model.
Next, non-variational approaches are described,
where the governing equations are not explicit
derived from Euler-Lagrange expressions. We survey
applications for shape recovery in transmission
electron microscopy, computed tomographic (CT),
and magnetic resonance imaging (MRI) modalities.
We offer a discussion about important points that
have emerged from this review and point out
drawbacks of dual approaches. Besides, we present
promising perspectives of dual active contour models
and related topics for image segmentation.
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1 Introduction

Segmentation is a fundamental step for
image analysis and computer vision tasks
involving object tracking and recognition
[1, 2]. In digital image processing,
segmentation aims to partition the set of
pixels of an image into disjoint groups,
each one corresponding to some uniform
pattern with respect to a predefined
criterion [3]. There are numerous methods
focusing on image segmentation which can
be roughly classified in region-based, edge-
based, thresholding, clustering, and
machine learning methods [4]. In this paper
we focus on active contour models that fall
into  region-based and  edge-based
segmentation techniques categories. Edge-
based models take local gradient
information to enforce the active contour
toward the desired object borderlines.
Edge-based models have been successfully
used for images with well defined object
boundaries. However, these models are
sensitive to noise and they strongly depend
on the initial contour position. On the other
hand, region-based active contour models
usually apply region statistics information
to steer the evolution of the active contour.
Consequently, they are less sensitive to
noise and can perform better than edge-
based active contours for images with
subjective edges.

Active contour models (ACM) are 2D
deformable approaches, which includes the
popular snake models proposed by Kass at
al. [5]. They can be described such as an
elastic curve which can dynamically
conform to object shapes in response to
both internal (elastic) forces and external
(image and constraint) forces that can be
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based on local information or derived from
an energy optimization process [6, 7].
ACM models can be extended to 3D for
boundary extraction in volume images,
generating the so called deformable
surfaces [8, 9]. ACM techniques can be
classified as parametric or implicit ones. In
the former, the deformable curve is
described using some functional
representation based on curve spaces or
splines [10]. On the other hand, implicit
ACMs, formulated through the level set
technique, consist of embedding the
deformable curve as the zero level set of a
higher dimensional function and to solve
the corresponding partial differential
equation of motion [11, 12]. In the last
decades, ACM approaches have been
successfully applied for image
segmentation and object tracking in
computer vision and image analysis tasks
in a wide range of applications [13, 14].
Their mathematical formulation makes
easier to integrate image data, an initial
estimated, desired contour properties and
knowledge-based constraints, in a single
extraction process [6, 15], for segmentation
of both 2D or 3D images, being the former
the focus of this paper.

Level set based models are more
convenient  than  their  parametric
counterpart for recovering objects with
unknown topologies because parametric
models can not deal with topological
changes without extra machinery [16, 17].
One of the well-known and most influential
region-based active contour methods is the
Chan-Vese model which is based on level
set and Mumford-Shah functional for
segmentation [18]. Despite of its
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capabilities, the Chan-Vese model assumes
that the image domain is the union of
(almost) homogeneous regions. The local
binary fitting energy (LBF) model
generalizes the Chan-Vese technique and
can handle images with intensity
inhomogeneity better than its counterpart
[19].

However, both implicit and parametric
models are sensitive to the initial contour
position due to artifacts, noise as well as
inhomogeneities in the image field, that is
responsible for the known non-convexity
(local minima) of the ACM energy
functional. To address this limitation some
authors have proposed dual ACM methods
[20]. The basic idea of the dual ACM is to
reject local minima by using two contours:
one which contracts from outside the target
and one which expands from inside. Such
proposal started in the area of parametric
snakes [21, 22]. It makes possible to reduce
the sensitivity to initialization through the
comparison between the two snakes energy
and positions. The two contours are
interlinked to provide a methodology to
carry the ACM out of local minima, which
makes the solution less sensitive to initial
contour position [20].

In [6] some of us present the Dual-
Level-Set, an implicit formulation for dual
snakes, based on the level set approach.
The key idea of that work is to view the
inner/outer contours as a level set of a
suitable embedding function. If the
corresponding surface evolves such that the
two contours get closer, we can obtain the
same behavior of parametric dual models
by comparing inner and outer contour
features. Besides, almost at the same time,
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the work [23] proposed a dual geometric
active contour method that utilizes the
Chan-Vese model to evolve each curve.
Likewise [6], this model keeps implicit
representation for the dual contours but
now using two different level set functions.

Since the works presented in [6, 23],
several dual ACM models based on level
set formulation have been reported in the
literature. In this way, we should mention
the review [22], which summarizes
remarkable parametric and implicit dual
snake models known at that time. So, in
order to avoid unnecessary redundancies
with the survey [22], we have assembled a
list of dual ACM models that, up to the best
of our knowledge, completes the set of
representative works in the area [6, 23, 24,
25, 26, 27, 28, 29, 30, 31, 32]. However,
we review the Dual-Level-Set [6] and the
dual geometric active contour method [23]
once they started the idea of embedding
dual snakes into the level set approaches.
Henceforth, before going ahead, we shall
distinguish between non-variational and
variational level set formulation classes. In
the former, the dual techniques represent
each contour as a level set whose governing
equation is not explicit derived from the
associated Euler-Lagrange expressions, like
is performed in the variational formulation
category. Also, in order to avoid confusion
with other areas, we must be careful about
the term ’dual formulation’, that also
appears in variational approaches but
outside the scope of dual ACMs, meaning
rewrite the optimization problem in the
dual variables space (see [33] for an
interesting application of such approach for
image restoration). Moreover, we find also
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the paper [34] that uses a dual self-
organizing map approach to learn the object
of interest and the  background
independently in order to guide a level set
ACM, evolved through the lattice
Boltzmann method, to complete the
segmentation. Once the pre-processing is
performed by a dual approach but the ACM
is single, we do not describe the model [34]
in this survey.

The remaining of the text is organized
as follows. Section 2 presents an overview
of the focused techniques. The level set
method is described in section 3. Section 4
offers the variational background for the
material. Section 5 gives details about
numerical implementation of dual models.
Following, in section 6 we describe the
variational formulations for implicit dual
ACMs with focus for medical image
segmentation. Next, section 7 presents the
non-variational dual approaches. We offer
discussions on section 8 about important
issues in the presented methods and point
out drawbacks of dual approaches. In
section 9 we present conclusions and final
remarks.

2 Overview of Dual Models

Following the dual ACM methodology, the
inner (or outer) zero level set is selected to
evolve based on its governing equation.
After convergence we check the contours
similarity. If inner/outer contours are far
from one each other then another zero level
set will be chosen to evolve. This process
will continue until one level set superposes
the other. Dual level set models have been
applied for medical image segmentation in,

4

chest computed tomographic (CT) image
slices [32], computed tomographic
colonography (CTC) images [24], bone
segmentation in high resolution peripheral
quantitative computed tomography (HR-
pQCT) [26], 3D segmentation in CT
volumes [29], and magnetic resonance
imaging (MRI) modalities [35, 31].
Moreover, live cell microscopy imaging,
that is a key component in the biological
research tasks, is another potential
application field for dual snakes [27, 28].

Following a chronological order, the
work [24] presents a variational dual level
set model to segment the volumetric colon
wall  from  computed  tomographic
colonography (CTC) images to
automatically detect colonic polyps. In a
pre-processing stage, tagged materials in
CTC images were automatically removed
via the partial volume based electronic
colon cleansing strategy [36]. It is
important to emphasize that the pre-
processing stage is a fundamental step
before application of active contour models
in general. Despite of the fact that we have
two contours collaborating in the process of
searching the curve space for seeking the
solution, the pre-processing stage makes
smoother the landscape energy profile,
improving the performance of each
component of the dual model.

The pre-processing step for dual models
has been implemented using traditional
low-pass and high-pass filters, wavelets,
thresholding, morphological operations,
and fuzzy techniques [22, 17, 27, 32].
Besides, we can incorporate human-
computer interaction methods to select a set
of pre-defined points around the region of
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interest. In [37] it is proposed a
segmentation model that uses this idea, as
well as gradient information, to guide a
(single) active contour to the boundary of
the object of interest.

Hence, inspired in [37, 19] the work
[25] presents a dual level set technique in
which one curve is used to seek the
segmentation of all boundaries and the
other to focus on the selected target in
order to fulfill the geometric constraints. In
this way, local and global region
information are integrated, which allows to
deal more efficiently with intensity
inhomogeneity, weak edges and low
contrast.

Image intensity inhomogeneity and
noise level are hard problems for classical
active contour models, mainly in medical
image segmentation where complex
structures with unknown geometries must
be reconstructed. Among the ACM variants
to address such issues, the approach
proposed in [26] uses dual deformable
curves, evolving based on level set method,
to minimize a shared energy during the
segmentation process. The technique
follows the work [38] and uses local region
information along the contour to compute
the energy functional for cortical and
trabecular bone segmentation in HR-pQCT
data.

Dual ACM techniques are particularly
useful when the topology of the target
structure is a 2D torus like. For instance,
transmission electron microscopy of insulin
granules contains round organelles with a
dense core, surrounded by a halo, which
can vary in intensity and texture. Hence, in
[27, 28] it is proposed a segmentation

5

pipeline that uses a dual level set active
contour for refining segmentation on each
granule. The method applies the dual
geometric active contour method presented
in [23] and adds a locally fitting energy
defined in [39] along with the smoothing
term and signed distance regularizer for the
level sets that represent the inner and outer
contours. The idea of using local features
through the selection of a set of points
nearby the boundary combined with
gradient information is used also in the dual
formulation presented in [29] that includes
terms to automatically scale level set
functions to avoid re-initialization.

In [30], authors proposed a dual level set
formulation based on the geodesic active
contours model described in [40], to
segment the bladder wall in magnetic
resonance imaging (MRI). This model
includes a balloon (inflation) force in the
stopping criterion of the level set function
for the inner wall and a spring model, that
acts in between the inner and outer
contours, in the governing equation of the
outer wall implicit function.

The model presented in [31] can be
viewed as a generalization of Chan-Vese
ACM model that uses a dual approach to
segment the four regions (gray matter,
white matter, cerebrospinal fluid, and
background) that appear in MRI diffusion
weighed images. In [32] wavelet
coefficients are used to compute the
energies of different regions of chest CT
images, and the inner/outer contours are
defined by thresholding these fields. The
active contour follows the Chan-Vese
technique including a semi-automatic
method to compute model parameters.
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Among the summarized dual ACM
models, the works [23, 24, 25, 26, 27, 28,
29, 31] belongs to the variational class
while  [30,32] are  non-variational
techniques. We shall add in this overview
the non-variational method [6] that,
together with [23], starts the idea of
formulating dual snakes through level set.

3 Level Set Method in 2D

In this section we review some details of
the ACM formulation based on level set
approach [11]. As already explained, in

$:R% x R* - R,

ACM models an elastic curve undergoes
deformations due to elastic (internal) and
external forces derived from the image or
constraints that restrict the curve evolution
(see the video [41]). In this context, the
main idea of level set method is to
implicitly represent the deformable curve
through an embedding function, also called
level set function:

)

such that the contour, at t = 0, is given by the zero level set S(t = 0):

5(0) = {x € R?|¢(x,0) = 0}.

The next step is to find an Eulerian
formulation for the curve evolution.
Following Sethian [11], let us suppose
that the contour evolves in the normal
direction with velocity F that may be a

S(t) = {x € R?|¢p(x,t) = 0}.

(2)

function of the curvature, components of
the normal, etc.

We need an equation for the evolution
of ¢p(x, t), considering that the curve S is
the level set given by:

©)

Let us take a point x(t),t € R* of the deforming curve S. From its implicit definition

given above we have:

d(x(2), ) = 0.

(4)

Now, we can use the Chain Rule to compute the time derivative of this expression to get:

6
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where F = ||dx/dt]|| is called the speed function and V is the gradient operator, with respect to
x. An initial condition ¢p(x,t = 0) is required. A straightforward technique to define this
function is to compute a signed-distance function as follows:

d)(x:t = 0) = id;

where d is the distance from x to the
curve S(x,t = 0) and the sign indicates if
the point is interior (+) or exterior (-) to
the initial contour. The “fast marching
method” (FMM) can be wused to
efficiently compute this function [12].

Finite difference schemes, based on
uniform grids, can be used to solve
equation (5). An entropy condition (once
a grid node is burnt it stays burnt) is
incorporated in order to drive the model
to the desired solution.

(6)

In this higher dimensional formulation,
topological changes can be efficiently
implemented. Numerical schemes are
stable (see section 5), and the model is
general in the sense that the same
formulation holds for 2D and 3D, as well
as for merge and splits. Besides,
geometric elements are easily computed.
For example, the curvature (k) is given

by:

Vo ¢321¢xx_2¢x¢y¢xy+¢yy¢azc
k=v. - , 7
(||V¢||) (p2+42)** )

where the gradient (V) and the divergent 4  Variational Formulation of Dual Models

(V -) are computed with respect to x.

The update of the embedding function
through expression (5) can be made
cheaper if the narrow-band technique is
applied. The key idea of this method comes
from the observation that the curve can be
moved by updating the level set function at
a small set of points in the neighborhood of
the zero set instead of updating it at all the
points on the domain (see [11, 12] for
details). Also, the governing equation (5)
may be derived through a variational
approach and the associated Euler-
Lagrange expressions, as well shall see
next for dual approaches.

7

For a given image zzQ c R? > R, we
consider an internal boundary I' in the
domain Q that segments the image z into
two subregions: foreground and
background, represented by image
intensities ¢; and c, , respectively. We
suppose that the target boundary I' is
limited by the curves I; and I, as shown in
Figure 1. Hence, the Chan-Vese functional
[18] computed for I and I, gives:
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|

-

Figure 1: Outer (I7) and inner (I) contours and the target boundary, denoted by I'.

F(T,cq,c5) = “fri ds + )\, fm(ri)lz(x) —cq|?dx + 2, fout(ri)lz(x) —c,|%dx, (8)

where in (I;) means the region inside I; and out(Il;) the corresponding outside region of
I;, i = 1,2. Based on expressions (8) we could propose the following dual model:

D(Ty, Ty, cq,¢0) = %(frl ds + frz ds)
+24 fl.n(rl)lz(x) —cq|fdx+ 2, fout(rz)lz(x) —c|?dx.  (9)
So, we can seek for the desired curve I' through the solution of the problem:
minp, r, D(I, T3, ¢q, ¢3). (10)

To clarify this fact, we shall firstly notice that, given a generic curve T, if [, = I, = T then
D(T,T,cy,c;) = F(T,cq,c,) . Moreover, D has a global minimum if T=T, the target
boundary in Figure 1. The procedure given by Algorithm 1 could solve this problem.

Algorithm 1 Procedure to Find Curve I’
1: Initialization: Define curves I o, I o € Q.
2:while I ; # I ; do
3:  Tyj4q =argminp D (F, I ¢4, cz)
4:  TI,;4q = argminp D (Fl,i: T, cl,cz)
5: i—i+1;
6: end while
7: Output: Solution I'.

8
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The general optimization Algorithm 1 is
not a real procedure since there are some
unspecified parts. For instance, the test
I; #1;; can not be computationally
performed due to numerical limitations. So,
in practice, it should be replaced by a
similarity  test  sim(Iy;,I3;)  Wwhere
sim(I;, ;) =1 if curves are close
enough one each other and sim(I;;, I3;) =
0 otherwise [22, 17]. Moreover, a curve
evolution algorithm based on some steepest
descent methodology to minimize the
functional D must control the topology of

the solution in order to avoid self-
intersections. Besides, and more
fundamental  for  the  optimization

procedure, if I ;41 = I13, [3,i41 = 12,4, and

H.(x) = %(1 + %arctan (S)),

dH,
SS(x) = d(x) =

x  m(e2+x2)

I i+1 # I3:+1 then Algorithm 1 enters an
infinite loop.

Anyway, the Algorithm 1 keeps the
main features of dual ACM models: one
contour contracts from outside the target
and another one expands from inside it (see
video [42]). Such proposal makes possible
to reduce the sensitivity to initialization
through the comparison between the two
contours positions, or some other similarity
test.

To proceed with a more practical
formulation, we follow the traditional level

set development and introduce the
Heaviside and its derivative (delta)
function:

(11)

(12)

Figure 2 shows the behavior of H.(x). If we replace x « ¢(x) in expression (12) we

obtain:

(@)

9

(b)
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(©)

Figure 2: Heaviside function for e = 0.1. (a) Function profile. (b) First derivative. (c) Profile

of second derivative.

55(4)(?5)) = W, (13)

then:
LG B Y. 5.(0))2 y
o n(£2+(¢(x))2) € q)(x)( (d))) (14)

Now, we maintain the philosophy of
dual models but the active contours will be
implicitly represented using the level set
formulation of section 3. So, the outer
contour I3 is given by the zero level set of
an embedding function ¢;:Q c R? - R,
while the inner contour I, is considered as
the zero level set of another embedding
function ¢,: O ¢ R? - R. We suppose that
¢,(x) >0 if x €in(l;) and ¢p;(x) <0 if
x € out(I7), with analogous construction
for ¢, and its zero level set I;,. Besides the
curve length used in the functional (8),
Chan-Vese also introduce the area of the
region limited by the contour. However, the
Chan-Vese model supposes that we can

10

partition the image in almost homogeneous
regions. In order to address this limitation
in the dual formulation, we follow the LBF
model proposed in [19] and make full use
of the intensity information by replacing c;
and c, to intensity functions f;, fi»:Q
R?2-> R, i =1,2, to represent the gray
values of the image z, inside (f;;) and
outside (f;,) of the curve given by the zero-
level set of ¢p;. Moreover, we introduce the
Gaussian kernel K,; in order to control the
scale to be considered [43]. Now, we will
insert our presentation in a variational
model based on Euler-Lagrange equations.
In this way, we are going to build an energy
functional:
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Ei(¢i; fir, fizs Bin Mo iz Biar 0) = [ Li(is fia, fizs in, Hizs Biz iay 0) A
(15)

where L; is the associated Lagrangian given as:
Li(s; frr fizs Hins Bizs iz tiar 0) = pia 8 (i () NV; CON + pizHe (i (%))

s [ Koo 120) = fa P Bl $10)dy
0N
s [, Ko e Mz = fiz (017 (1 = Ho($:3))) dy.  (16)

The first term in the right-hand side of get the Chan-Vese level set formulation

Lagrangian (16) accounts for the arc length,
the second term gives the area inside I,
and the last two terms implements the LBF
methodology [19]. We shall notice that, if
we take expression (15) and set f;;(x) = ¢;
and f,(x)=c,, in the limit ¢ —0
(indicated as K, in the remaining text) we

[18] of the energy functional (8). Also, we
shall introduce a new symmetric term

0 = 0(H.(¢1), Hc(¢;))  to model
interaction between the level sets. So, we
can put all these arrangements together and
write a generalized level set version of the
dual model (9) given by:

L = L,(p1; fi1, f12; 11 M12, Ha3, H14, O)
+L2(¢22 f21, f225 Ba1, Ha2s 23, Hoas o) + TQ(H5(¢1): Hs(¢2)) (17)

with the associated energy computed through the expression:

E = fQL((le ¢2;f; ﬂ: o, T)de (18)

where we summarize the arguments of L by assembling intensity functions in the array f =

(fi1, fizs f21, f22) and the parameters in the vector u = (uq1, U12, H13, B1ar H21, Ha2s Ha23) H2a)
Keeping fi1, fi2, ®, fixed and minimizing E with respect to the function ¢, generates the
Euler-Lagrange equation:

aL @ [ aL a ( oL
i) 5 () =0 19)
where ¢q,, = d¢p,/ dx and ¢, = I,/ dy. Expression (19) renders:
t128:(P1) + 55(¢1)(M133(f11) - #14e(f12))

11
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182 OV (T2 ) + 755 O (He(d0), He(@2) = 0, (20)

where 6. (db,) is computed by expression (13) and:
e(f1) = [ Ko(x, Nz(y) — fri()* dy, i = 1,2, (21)

To obtain expression (20) we use equation (17), and the fact that, from property (14), we
can assume that d8.(¢)/ dd = 0 if d(x) = 0. We shall notice that, if we take expression (15)
and set fi;(x) =c¢; and fi,(x) =c,, and ¢ = 0 then we get the Chan-Vese level set
formulation [18] of the energy functional (8).

Now, keeping ¢4, ¢, f>1, f22 fixed and minimizing E with respect to the function f;, and
f12 by solving equations 0E /df;; = 0 gives:

Jo Ko@)z He (91 (1) dy
Jo Ksxy)He(p1())dy

f11(x) = (22)

Ja Ka(x.y)Z(y)(l—Hs(¢1(y)))dy
Ja Koy (1-He($:1(3))dy

fr2(x) = (23)

Something analogous happens if we keep ¢4, fi1, fi2, f21, f22 fixed and minimizing E with
respect to the function ¢,:

oL 9 ( oL o ( oL
et o ] G (24)
generating the Euler-Lagrange equation:

U228:(P2) + 55(¢2)(#239(f21) - ,u24e(f22))

1832007 (72 ) + 75 O (He(), He($)) = 0, (25)

where e(f1) and e(f,,) are defined by expression (21) with f;; replaced by f,;. Like before,
we can solve expressions dE /df,; = 0 to minimize E with respect to the functions f,4, f2
while keeping fi1, fi2, ¢1, P fixed to get:

Jo Ks(xy)z()He(b2())dy
fg Ks (x»}’)Hs(q)Z (J’))dy

fa1(x) = : (26)

Jo Koz (1-He($.(3) )dy
JaKoxy)(1-He($20))dy

f22(x) = (27)

The process of minimizing the functional given in (18) can be viewed from a dynamic
point of view that unifies the description of shape and motion. In these models the embedding

12
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functions are viewed as time-varying objects ¢, = ¢,(x,t) and ¢, = ¢p,(x,t) and the
solutions of the Euler-Lagrange equations becomes the stationary solution of expressions:

% = —Hi28e(¢i) — 6€(¢i)(lli33(fi1) - Mi4e(fi2))

#0300V (E2) = 155 O (Ho(9), He($)), i = 1,2,28)

|7l
which are Hamilton-Jacobi equations, that compact the pseudocode. Now, it is useful
must be constrained to boundary and to rewrite the Algorithm 1 using the level
initial conditions ¢, = ¢1(x,0) and set and variational formulation above.
$20 = ¢2(x,0) (see section 5). Besides, Before this, we shall write the right-hand
it is straightforward to show that side  of  equations  (28)  as
E(p1, ¢2 f; 0,1 = H(p1, b2, f11, f12: 0,0, T) and
E(sz»(bliiiﬁ:a"f) ’ where i = H(¢1,<_l>z.f21,fzz,ﬂ,0,T), fori =12,
(For, o fi1, fiz) and respectively.  Moreover, once the

Algorithm 2 updates level set function
¢1; 10 ¢4 ;44 it is more efficient to use the
latter when computing ¢, ;1.

B = (421, K22, M1 Ha2s K23 Mo 13, Hea)
which we are going to use bellow to

Algorithm 2 Dual ACM Algorithm
1: Initialization: De ne curves I3 o and I3 o
2: Build initial embedding functions: ¢ o and ¢, o
3. Set parameters:p = (Uq1, 12, H13, H14s B21s B22s B23s B24), O, T
4:i = 0,

5: while (sim(I;,I3;) = 0) do

6:

y

8

9

$1i+1 = argming E (¢1; b im0, T)
¢2,i+1 = argming, E(‘Pz, b1,i+1; fi Bo, T)
i« 1+ 1;
Compute zero level sets I3 ; and I ;

10: end while

11: Output: Solution I'.

With Algorithm 2, we avoid self- zero level sets 7 ; and I3 ; in the line 9 of
intersections of the curves I; and I, once Algorithm 2 are compute through a 2D
they are always zero level sets of the marching-cubes method [12]. However, we
corresponding embedding functions. The still need a similarity test to implement the

13
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verification I3 ; # I ;. Moreover, and even
more fundamental for dual approaches, if
the energy E achieves a local minimum in
the pair

Algorithm 3 PROCEDURE ming, E(p1, 2 fi1,0,7)

1: ming, E(¢y, ¢2; fi 1, 0,7)
2:j « 0;

3: Initialize ¢, with its last update: ¢, (x,0) = ¢4 ;;

4: while (;;) do

5. Compute f;; and f;, by setting ¢, (y) < ¢,(y,0) in expressions (22)-(23)

991

ot H($102, f11, f12, 1,0, T)
subject to: ¢4 (x,0) = ¢4 ;,

set ¢q,j41 = P1

10: if (sim(I},;41) = 1) then

Find stationary solution ¢; of expression:

11: Return ¢4 41

12: else

13: Reinitialize signed-distance function generating ¢ ;,4,
14: $1(x,0) = @1 j41,

15: j < j+1,

16: endif

17: end while

(¢1,i' ¢2,i) , then ¢q;4, = ¢,; and both
curves will remain at rest. Although
Algorithm 2 can realize this fact by
checking that I3 ; # I ;, it does not provide
a way to go out this point. Before to enter
mathematical details about dual approaches
of the literature, and their solutions for the
mentioned problems, we shall review
numerical methods in this field.

14

5 Numerical Solution

Each equation given by expression (28) can
be written in a general form:
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2 2 2
G+ 1 (6,2, %, 26 76 76 ),

2
"ox’ dy’ ax2’ ay?’ axy’ (29)

where H is, in general, a non-convex
Hamiltonian, and e = (e(f11), e(fi2)) or
e = (e(fy1), e(f22)), depending if we are
working with equation (28) fori = 1 or
i = 2, respectively. Therefore, following

[12], we can use a first order numerical
finite difference scheme, based on a regular
discretization {(x;,y;),1<i<N,1<i<
M} of the image domain Q, given by:

n+1 _ n
Gi,j = Gi,j

-x +x -y +y +X_ =X +y_ -y
Dij +D;j Dyj+D;j Dyj-Dj Dyj-D

—At-]HI( n L] L. pX¥ e), (30)

)

g2 7 2 7 2Ax 20y TS
where D; 7 and D;'F are first order finite-difference operators defined as:

G(xy;)-G(x;—Axy;)

D’v_]xG = Ax 4 (31)
G(xi+8x,y7)-G(xyy;)
DG = Serin) o) (32)

following the same idea for D; ,D;’jy . In the case of D;7G, that approximates the mix

derivative in equation (30), we apply the scheme:
G(x;+Ax,y j+Ay)—G(x;+Ax,y j—Ay)
4AxAy

XY~ —

n [—G(xi—Ax,yj+Ay)+G(xi—Ax,yj —Ay)]
4AxAy

. (33)

An initial condition G(x,y,t = 0) is required to define Gi‘?j in the numerical grid. A

straightforward technique is to compute a signed-distance function given by expression (6).
The boundary conditions could be implemented using Neumann boundary conditions [18]:

8:(6) 96 _

IvGll on ~ ™ (34)

where n denotes the exterior normal to the
boundary 9Q, and dG/dn indicates the
directional derivative of G respect to n.
Other possibility could be periodic
boundary conditions: create an extra layer
of ghost nodes around the domain whose

values are direct copies of the G values
along the actual boundaries. During the
numerical simulation, at the end of each
iteration, the new values on the boundary
are copied to the ghost cells.
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6 Variational Implicit Models

In this section, the image field is denoted
by a function z:Q c R? > R. The outer
contour (I3) is defined as the zero level set
of an embedding function ¢, and the inner
contour (I3) is the zero level set of another
embedding function ¢,. We survey some
dual level set models [23, 26, 31, 28, 27,
25], that are based on the variational
approach established in section 4.
Algorithm 2 is the basic one behind the
focused techniques with the numerical

6.1 Dual Geometric Active Contour

The model proposed in [23] takes
advantage of the Chan-Vese active contour
technique [18] but introduces a term to
model the interaction between the inner and
outer contours to reduce the distance
between them. Specifically, if we take the
energy functional (18) and set f =
(€11, €12, C21,C22) = cte, p =

(11,0, H13, M1as U21, 0, Up3, ogy ), 0 =0
and define the term that models the
interaction between the curves as:

scheme to solve the Hamilton-Jacobi
equation in line 7 of Algorithm 3 given in
section 5.
2
0(¢1, ¢2) = (He(9:1(1)) — Ho(9.(x))) . (35)
we get the energy functional proposed in [23]. In this case, we shall notice that expressions
(21) becomes:

e(cij) = [, Kot Wz — ¢yl dy = |2(0) — ¢yj|”, i,j = 1,2.(36)

The Hamilton-Jacobi equations associated to the Lagrangian (17) are:

09,
ad; = 8¢ (1) (izlz(x) — ciq|* = pialz(x) = ¢;2|*) + .Ui15g(¢i)\7-<

+ (=D"'768.(¢)[He(¢1(0)) — He($2(0)], (37)

which define the evolution equations of the level set functions ¢;,i = 1,2. The last term on the
right-hand side of (37) is called the interaction term, which is defined to reduce the difference
between the inner and outer contours. The minimization of dual level set energy (18) respect
to ¢;;, with parameters set as above, produces:

Ve (x) >
[I7: (0|

_ Jpz@)He(di(x))dx _
‘U= ey b 12 (38)
_ fﬂz(x)(l—Hg(d)i(x)))dx .
@ =T ) L2 (39)
16
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The active contours can avoid local
minima during the energy minimization
because the last term in expression (37)
forces the zero level sets I7 and I, to get
closer because (¢4, ¢,) = 0 if and only if
¢1 = ¢,. The model is implemented using
the Algorithm 2, with the numerical
scheme of section 5.

In [23], this model is validated using
£ =0.05, pyq = py; = 0.005 x 2552,

M13 = Hz3 = L ll1g = plag = 1, T = 25X
2552 in equations (37), and time step
At = 0.02 in the numerical scheme of
section 5. The computational experiments
(page 2 of [23]) are executed with manual
initialization of the dual ACM proposed,
using two rectangles, one outside the target
and another one inside the object (cup
image). The obtained results outperform the
Chan-Vese segmentation.

6.2 Dual Approach for HR-pQCT

Segmentation

The segmentation of the bone in HR-pQCT
(High Resolution peripheral Quantitative
Computed Tomography) images remains a
challenging task due to the image
characteristics and the complex structures.
In [26], the problem of separating the
cortical bone from the background and the
trabecular bone is addressed. The model is
inspired in the work [38], where authors
introduced localized energy ACMs that can
segment heterogeneous objects using the
local region information along the contour.
Hence, based on [38], it is presented a dual
deformable approach whose variational
formulation uses a novel energy proposed
to segment objects that share the same
intensity level but with different textures.
In [26] it is shown a typical example of the
segmentation problem in this application.
In this case, the region of interest is better
represented by a ribbon that is bounded by
two curves as pictured in Figure 3.

Figure 3: Neighborhood D(x,r) of each point x along the outer contour I3 is split by the
contour into D(x,r) N in(l;) and D(x,r) N out (7).

17

Copyright 2018 Internal Medicine Review. All Rights Reserved. VVolume 4, Issue 8.



Internal Medicine Review
Dual Active Contour Models for Segmentation: Survey on Level Set and
Variational Formulations
September 2018

The proposed approach moves the outer (I7) and inner (I3) contours toward the target
region, reducing the local energy between them. This technique can be formulated by

replacing K, (x,y) < 6£(¢1(x))D(x, y) in the Lagrangian L, given by expressions (16), with
U2 = 0, where D(x,-) represents the local neighborhood of the point x (Figure 3) as follows:

1, if||x—y||<r,
D(x,y) = { . 40
(x,y) 0, otherwise, (40)

with r being the radius of the disk.
If we seti = 1 inexpression (15) and minimize it respect to f;, and f;, we get:

Ja, PGYH($1()z(x)dy a1
Ja, PG H($1 )y (41)

fi1(x) =

I, P@y)(1-He($2))z()ay
Jo, DG@Y)(1-He(91(0))ay

f12(x) = ) (42)
which are the averages of pixels intensity inside (equation (41)) and outside (equation 42) the
local neighborhood of point x.

In the Lagrangian L, given by equation (16), we must replace
Ky(x,y) < 6£(¢>2(x))D(x, y)R(y), where R is a function developed to assure that only the

points between the two curves are considered, and set u,, = uy3 = 0. The function f,, is
obtained by minimizing E, (energy (15)) with ¢, remaining fixed:

Ja, PENROIHe(62()2()dy
Ja, PEYIRDHe(d2(M)dy

f22(%) = (43)

The regularization term for the inner contour is omitted because of the non-uniformity of
the inner region (see page 2270 of in [26]). Besides, in the formulation [26], it is discarded the

interaction term G)(Hg(c[)l),Hg(q,')Z)). The final energy functional of the dual contours is
defined as:

E(p1, ¢2) = E1 (1) + x(P1) - E2(d2), (44)

where y is a function used to trig the second contour when the energy of contour I3 is
minimized, being defined as:

1, if ¢1 =argming Ey,
0, otherwise.

XD =| (@5)
By substituting the above equations into expression (28), with ¢ = 0, the Hamilton-Jacobi

equations for the method proposed in [26] are finally given by:

18
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9¢1

942

where:

e(fi) = jﬂ [6(6)D G Wz — fu@2dy, i=

o = =0 (2 1z4e(f22) + ta10:(P2)V. (|I‘;ZEI|)’

Ve

ot _5s(¢1)(#13e(f11) - ll14e(f12)) + 1116 (@7 (|IV¢1||>'(46)

(47)

1,2,

e(fro) = j [5(6))Dx WRD]120) — fra (I dy,

and f;; obtained by equations (41)-(42), and f,, computed using expression (43).

The dual model evolves according to
Algorithm 2 to extract the boundaries of the
desired object (represented by the ribbon in
Figure 3). In this process, the outer curve is
dedicated to the outer contour and it
evolves through equation (46) to minimize
the energy (44) with y(¢,) = 0. Then, the
inner curve is triggered and starts evolving
under the governing equations (47), to
reduce the local energy between the two

0,
1,
Hs(x) =31

6.3 Segmentation of MR Diffusion Images

curves, computed through expression (44),
with ¢, = ¢, where ¢7] is the solution of
Hamilton-Jacobi equation (46). These steps
are repeated until the stopping criterion is
achieved. The results shown in [26] were
obtained with the above technique, with
parameters  pu;; = 43 =HU4a =1 and
Ua1 = Mas = 1, using a Heaviside function
diferente from the previous section, given
by:

if x<-—¢

if x>¢

(1 x 1 ( x)) h )
— — — n — , .
> + - + —sin(m - otherwise

In [31], the variational dual level set formulation starts from a more general situation than the
one considered in the previous sections, as shown in Figure 4. In this case, the zero level sets
I; and I, divide the domain into four regions according to the signals of the embedding

functions ¢, and ¢-.

19
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e NP

'., =0

Figure 4 : Dual curves I and I, in a generalized setup (adapted from [31]).

Besides, we shall notice that:

1= [H.(¢1) + (1- Ho(¢))|[He(92) + (1- Ho(92))]

or
1= He(¢1)H(p2) + Ho(p1)(1 — He(p2)) +
+(1 — Ho(¢1))He(¢p2) + (1 — He(¢))(1 — H (¢2))
Let us define;
Hyy = He(@D)He($), Hiz = He(81) (1- He($2)), Hor = He($2) (1- He(0) ), and

H,, = (1 H (¢>1)) (1— Hg(qbz)). Due to the properties of H,, it is easy to check that 0 < H;;

< 1. So, this fact together with expression (48) show that the set of functions
{H1,H1,, Hy1, Hy,} IS @ unity partition over the image domain (. Therefore, authors in [31]
represent the segmented image as:

z(x) = 1] =1 Cij sz(x) (49)
where c;; are constant intensities, and they generalize the functional (15) in the form:
Ei=[,Li(¢pscwdx, i=12 (50)

where ¢ = (c11,€12,C21,C22) IS vector of mean intensities (see  bellow),
1= (11, f12, U1, Hap) is @ vector of parameters, and L; is given by:

L; = w8 (@)NV sl + pinHe(d;) +

51
+uizlz(x) — ¢ |2 His (%) + pialz(x) — cip*Hip (). (1)

If we keep fixed ¢, and ¢, and minimize functional £ = E; + E, respect to c;; we get:

20
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(x)Hy4 (x)d
e = PO, =12, (52)
(x)H;z(x)d
cp = LERIREE = (53)

If we consider the sets Q;; = {x € Q; H;;(x) > 0} we can notice that they form an (almost)
disjoint partition of the image domain. Consequently, the average intensities c;; computed by
equations (52)-(53) include much less redundancy than in the case of the original Chan-Vese
model. However, during level set evolution, we must be careful about the fact that some (;;
may vanish.

The governing equations are obtained by inserting the Lagrangian L = L; + L, into Euler-
Lagrange equations (19) and (24), which renders:

o0 o | Vo,
E = ﬂi255(¢i) ﬂllas((pl)V' (||V¢z||>

+8: (P —p131z — c11|2He (4 _pyin)
~p1alz = €121 (1 = He( by _pyr) )
+itp312 = €1 PHe(hyy_pyivr) +
thzalz = c2al? (1= He(yy_pyn))] (54)

The segmentation algorithm used in [31] explores a combination of a greedy strategy with
the Algorithm 2.

6.4 Dual Region-Scalable ACM

In [28, 27] it is proposed the dual active contour approach using the Lagrangian L, defined in

expression (17), with parameters u = (11,0, t13, h14, U271, 0, o3, Uos) . In this way, the
following energy functional is proposed:

E = [,L(¢1, b2 fr 1, 0)dx +
¢ ([, U7ps Il = D? dx + J, 2 (7,0l - 1)? dx) (55

T fn (HS(¢1(X)) - Hs(¢2(x)))2 dx

where f = (fi1, fi2, f21, f22), With f; ; computed according to expressions (22)-(23) and (26)-
(27), being 7, ¢ weighting parameters.

21
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The minimization of the functional (55) respect to ¢; and ¢,, one at a time, gives Euler-
Lagrange equations analogous to expressions (19) and (25), which generates the following

governing equations:

% = —8.(¢) (uize(fir) — muae(fiz))

+ 8e(P)V. (25 + g <|72¢l- _v. (&)> (56)

lve:ll

lve;ll

—2t(-1)"*168, () (He (Pp1) — He(2)), =12,

where e(f;;) are given by expression (21).

In [27] it is described an application of
the dual ACM defined by expression (56)
for segmentation of transmission electron
microscopy images of insulin granule cores
[27]. The original image (page 419 of [27])
is processed using morphological operators
in order to get the inner and outer contours.
The evolution of these contours follow the
Algorithm 2 and expression (56) for
i = 1,2. The result is obtained by setting
W11 = Upp = 15.38 X 255 X 255 | 3 =
Pa3 =1, g =pa=1,and o = 7,¢ =
1. The value of the numerical parameter is
At = 0.1 and the Heaviside parameter is
settoe = 1.

6.5 Dual Models for Selective
Segmentation

By selective segmentation we mean only
segment a specific part among those

proposes a selective segmentation model
that uses a set of pre-defined points around
the region of interest, as well as gradient
information, to detect the boundary of the
object of interest.

So, inspired in the works [37, 44, 45, 46,
47], it is proposed in [25] a dual level set
technique that is based on LBF (expression
(16)) and Chan-Vese [18] models
simultaneously. One curve is used to find
the segmentation of all boundaries and the
other to focus on the selected target in
order to fit the geometric constraints. In
this model, the local and global region
information are integrated, with the aim of
dealing more efficiently with intensity
inhomogeneity, weak edges and low
contrast.

LetS ={x; € Q;1 <i<n}be a set of
n points nearby the real boundary of
interest. Then, the model proposed in [37]
is formulated through the energy

objects that have the same feature. Such functional:
problem has been considered in [37], which
EM) = [Ldx)glVz(x)IDds, (57)
where d: Q@ — R:
~ —.l12
d(x) = ML, (1 — exp [-20)), (58)
and:
22
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1

gVl =

The key idea behind expression (57) is
that the active contour stops the evolution
nearby the points x € Q with high gradient
or that satisfies d(x) ~ 0. The place of
such points gives a minimum for the
functional (57).

The selective segmentation model (57)
uses edge information. Therefore, if the
image has fuzzy edges the evolving curve
continues to move when achieves the
boundary region which leads to fail. In

1+[vz()1?

(59)

order to improve the quality of
segmentation, authors in [25] combine part
of the Chan-Vese and LBF models to the
selective segmentation approach (57) in a
dual segmentation methodology: the inner
curve evolves to locally segment the image
and the other curve evolves to globally seek
for objects of interest in the image. The
proposed segmentation model, in the level
set form, is defined as follows:

L = wgU7zID8: (@) IIVP, I + p2d () g 721D S ()17 D1 ()
+Z(¢1' ¢2; C1,Cy, fll fZ; /11' /12' 13' AlG' AZG' )[1' )',2' /1,3' /1;6' AéGl w, O-)' (60)

where:

L= 0 (21200 = ol (1= (1)) + 1ule@) = 1P He(o ) )

o (A6120x) = ¢11Ho (2 (0)) + Aa12(2) = €112 Hy,(2))

+w(13 |z(x) — ¢, |2H22(x))

+(1 — )i [, Kolz(y) — fi(0)|H(p1(x))dy
+(1 = )26 fo Kolz3) — 017 (1= He($1(x)) ) dy
+(1 = W)y [y Kolz(y) = i1 He(2(x))dy
+(1 = )y [, Ko lz(y) — i@ Hiz(9)dy
+(1 = )3 [, K, 12() = (012 Hao () dly, (61)

where H;, = H.(¢,) (1— Hg(q_’)z)) and H,, = (1— H£(¢1)) (1— He(qbz)), like in section 6.3.
If we keep fixed ¢, ¢, and minimize functional (61) respect to c4, ¢y, f1, and f, we get:

— A1 [ zHe(p)dx+Ay [ zHe(¢pp)dx+A, [ zHypdx (62)
1 Aig [ H(@1)dx+Ay [ H(¢pp)dx+1, [ Hypdx
= A6 [ 2(1-He($1))dx+2; [ zHppdx (63)

126 f(l—H£(¢1))dx+/13 f szdx ’
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— 16K+ (2He (1)) + A1 Ko+ (zHe($2))+ X K5+ (zH1 2) (64)

f

_ AaaKor(2(1-He($)))+A3Ko+(2Hz2)

16K He($p1)+ A1 KgxHe(P2)+ A, Ko*Hy,

fa=

The governing equations for ¢p; and ¢,
are obtained by inserting the Lagrangian L
of expression (60) into equations (19) and
(24), while keeping fixed ¢y, ¢y, f1, f>. The
technique can be implemented through
Algorithm 2, with the application of the
additive operator splitting [48] to solve the
Hamilton-Jacobi equations more
efficiently.

A26K+((1-He(91)) )+A3Kg+Hp,

(65)

In [25] it is presented a cell image
segmentation result using the proposed
technique (page 841 of [25]). It is used a
manual initialization, composed by an outer
circle and an inner contour, together with
the geometric constraints defined by four
fixed points to be used in expression (58).

In [29], it is presented a similar approach

defined by the following Lagrangian:

L =257, )l = 1) + 2 (17 (Nl = 1) + g (17218, ((92) 17 ()

+12d () g7z 8: ()17 2 ()| He (1)

(66)

~ 1
+L (¢1: $2; €1, €2, C1, €25 A1, Ap, A3, A6, Aoy Ay A2, A3, Avg, /126,5, 0) .

7  Non-Variational Dual Models

Likewise in the previous section, the image
field is denoted by a function z: Q c R? -
R . In the first and second models,
presented in [30, 32], the outer contour (I7)
is defined as the zero level set of an
embedding function ¢; and the inner
contour (I3) is the zero level set of another
embedding function ¢,. In the third model,
both inner and outer contours are zero level
sets of the same embedding function [6].
However, in these cases, each level set
function is governed by an equation (like
(5)) that is not explicitly derived from
Euler-Lagrange expressions.

24

7.1 Coupled Level Set Method

In [30] authors describe a method for
bladder wall segmentation in magnetic
resonance imaging (MRI) that works using
T2- and T1l-weighted MRI images [49].
Some image samples are pictured in [30] to
help the visualization of the segmentation
problem in both T2-weighted and T1-
weighted axial images. A new coupling
technique for level sets is formulated and
tested on 54 T2- and T1-weighted image
pairs.

The commonly used gradient based
edge function, given by expression (59) is
sensitive to noise, image inhomogeneities,
and blurring. Therefore, it is not a good
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feature indicator for MRI images which has
forced the development of more
sophisticated pre-processing stages. So,
based on [50] it is used in [30] the wavelet
transform to provide a way to describe both
frequency and  spatial  information
contained in the image. Wavelets give the
basis for a multiresolution theory that

incorporates techniques from subband
coding and filter banks in signal analysis
1
gra(x) = 1+a-FA(x)

where a is a parameter that controls the
slope of the function g, (see [50] for
details).

In the proposed methodology, ¢, is
obtained from the segmentation in T2
image using the geodesic active contours
model [40], equipped with the edge

[51]. An interesting characteristic of
wavelets is that their application results in a
reduction of the amount of data by a factor
of two, while preserving the main features
on their coefficients of approximation. The
obtained coefficients can be used to
compute new feature fields FA: Q@ — R,
more appropriate for edge function
definition in the form:

(67)

function in expression (67). Then, it is
fixed and two techniques, named switch
and spring methods are tested to segment
the outer wall in the T1 image. In the
former, ¢, evolves under the governing
equation:

a¢1 = (YV (gFA(ITl) Tz ”) + (1 — He(po — d))CgFA(1T1)> IVl (68)

where gr, IS given above. The factor
(1—Hg(q,’>2 - d)) is the stopping criterion
of a balloon (inflation) force as H, is the

Heaviside function (equation (11)) and d is
the maximum distance allowed for the

0¢1 = (VV (gFA(ITl) Vo ”) + CgFA(ITl) k¢2) IV,

where y and c are real constants as before.
The function ¢, is initialized as a signed
distance function, like in expression (6).
Therefore, the value ¢,(x,y) represents
the shortest distance from the point (x, y)
to the inner wall contour I;,. Hence, the

25

balloon force to act away from the inner
wall boundary I,. The parametery € R is
the contour coefficient and ¢ € R controls
the magnitude of the balloon force. For the
spring method, the evolution is formulated
as:

(69)

term k¢, in expression (69) can be thought
of as a spring force that acts in between the
inner and outer contours. Consequently, the
parameter k corresponds to the spring
constant.
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7.2 Segmentation of Pulmonary Nodules The model presented in [32] can be
implemented using energies E; and E, for
the curves I and I, given by:

Ei = f_g Li((pbi; Ci1, Ci2; Ui1, Hiz, Uiz, Uiay 0) dx, i=12, (70)

where L; is defined by expression (16). The novelty of the methodology is the parametrization
of the model which is performed using the pixel correlation (PC) that is defined by:

z H
PC; = r-me—min 4

i
Zmax NaZmax

2(1-1)

Jolz(0) = cu? Ho(¢)dx, (72)
where i = 1,2, z,,,4, 1S the maximum gray scale intensity in Q, z,i,’l‘;fx and z,‘}fgilare maximum

and minimum gray scale intensities inside the curve I;, N/ is the number of pixels of in(I;),
and r € [0,1]. So, in [32] the parameters of the expression (70) are computed by:

Uix = k - PCiJ (72)

piz =k - (1= PCy), (73)

Uiz = (1 - k) : PCii (74)

pia =1 —k) - (1= PC), (75)
with kK €[0,1], and i = 1,2 . In this superposes the other according to the
technique wavelet coefficients are used to similarity test. We shall highlight the fact
compute the energies of different regions of that the expressions (20)-(25) are not the
the image signal and the inner/outer Euler-Lagrange equations associated with
contours are defined by thresholding these the functional (18) if the parameters are
fields. The governing equations of the level computed as above. That is why we
set functions ¢, and ¢, are given by consider this technique as a non-variational

expression (28) with ¢ = 7 = 0 and the dual model in this review.

other parameters computed according to
equations (72)-(75). The dual evolution

follows a procedure analogous to 7.3 Dual-Level-Set Approach

Algorithm 2, but in this case the energies Differently from all the techniques
(70) are calculated and one level set with described in the previous sections, the
maximum energy is selected to evolve Dual-Level-Set approach presented in [6]
based on the corresponding governing formulates the dual active contour model
equation. When it stops moving, the using only one embedding function. To set
energies are re-computed and compared to ideas, let us consider the Figure 5.(b),
evolve the one with larger energy. This which shows two contours bounding the
process continues until one level set search space and Figure 5.(a) that pictures a
26
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surface which zero level set is the union of
the two contours just presented. Like
before, the target boundary I' belongs to

(@)

the region bounded by the level set
contours.

+ ﬁ -+

(b)

Figure 5: (a) Embedding function for Dual-Level-Set approach. (b) Zero level sets and
corresponding embedding function signals (source [22]).

If the surface pictured in Figure 5.(a)
evolves such that the two level set curves in
Figure 5.(b) get closer, we can apply an
analogous of Algorithm 2 to perform the
segmentation. That is the key idea of the
method proposed by some of us in [6].
Likewise in the previous sections, the

¢ = —F|Vp|l + eV2¢p + BVP - Vg,

where:

1+ak
1+]|vz||?’

with a, being scale parameters, P =
—|I7z||? , and k is the curvature calculated
by expression (7).

The evolution of the inner and outer
contours follows this governing equation
and are interdependent due to the
embedding function. However, once the
evolution stops, we must evaluate the
similarity between the two contours and
apply an extra term, named driving velocity
in [6], to go out local minima. The
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proximity of the dual active contours gives
a stopping criterion. However, in this case,
both contours are level sets of the same
embedding function. In this context, the
Dual-Level-Set approach presented in [6] is
based on the following level set model:

(76)

(77)

numerical scheme is the one summarized in
section 5 with the derivatives computed
according to numerical approximations in
expressions (31)-(33). The initialization
and boundary conditions are given by
equations (6) and (34).

As usual in some level set approaches
[52], it is used in [6] the narrow band
method; that is, only the values of ¢ within
a tube placed around each ACM are
updated. When the zero level set moves
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near to the edge of the tube boundary, the
computation is stopped and a new tube is
built with the zero level set at the center.
For Dual-Level-Set approach, the narrow
band is attractive not only for
computational aspects but also because it
allows an efficient way to evaluate
similarity between two contours. In fact,
the Dual-Level-Set takes the procedure

pictured in Figure 6: firstly, the intersection
point is computed (Figure 6.(a)); then, a
neighborhood of this point (Figure 6.b) is
taken and the algorithm stops to update the
function ¢ in all the grid points inside it or
the speed function for these points is set to
zero. In [6], authors said that those grid
points are frozen ones.

(@)

(b)

Figure 6: (a) Narrow bands touching each other. (b) Neighborhood to define similarity

between contours. (source [22])

Once the curves stop moving, it is
necessary to decide in which grid points to
add a driving velocity. It is an extra
velocity term which goal is to keep
contours moving again. In this way, a less
sensitive model to the initial position of the
deformable contours is obtained. To
accomplish this task the Dual-Level-Set
technique adds an extra velocity term to
equation (76), called V-

We must be careful when choosing the
grid points to apply this term. The contours
may be nearby the boundary somewhere,
but far away from the target in another
place. We should automatically realize this
fact when they stop moving. To accomplish
this, we can use the affinity operator. Based
on this operator, we can define an affinity

28

function that assigns to a grid point inside
the narrow band a 0 — 1 value: 0 for the
grid points most likely to lie away from the
target boundaries and 1 otherwise. Such
affinity operator can be defined through
fuzzy segmentation methods [53], image
transforms [54], region statistics [55], etc.
The whole Dual-Level-Set algorithm can
be summarized as follows: (1) Initialization
through step functions; (2) Evolution until
curves stop. (3) Evaluate similarity. If
frozen, stop. (4) Add V ;e fOr some time
steps. (5) After that, turn-off V... GO to
step 2. When all the grid points inside the
narrow bands are frozen, the Dual-Level-
Set evolution stops and apply a search
based algorithm (like Viterbi [56]) to get
the final result.
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(a)

(b)

Figure 7: (a) Original image and Dual-Level-Set initialization. (b) Result obtained using Dual-

Level-Set. (source [22])

Figure 7 shows the application of the
Dual-Level-Set to segment the cell image
of Figure 7.(a), that pictures the outer curve
and the inner one, placed by the user. The
Dual-Level-Set  parameters are: a =
0.1,e = 2.0, = 0.1, and At = 0.05.
The Dual-Level-Set result is shown in
Figure 7.b.

8 Discussion

An important point for dual level set
models is how to proceed the evolution
after both deformable curves come at rest
but are far from each other, as pictured in
Figure 8.(a). Expression (35) is used to
reduce the distance between the zero level
sets. However, it does not take into account
image features in order to avoid that
portions of the zero level sets pass over the
desired boundary. The LBF model
(equation (21)), its variants in expressions
(41)-(42), and the Chan-Vese proposal
(equation (36)), try to address this issue by
incorporating region features in the Euler-
Lagrange force balance. However, such
balance depends on parameter settings
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which is not a trivial task for ACM models.
In general, the most commonly used
method to set parameters is trial and error.
You repeatedly modify the parameters and
evaluate the result. Few works have been
done to calibrate parameters automatically
in ACM models [57]. This point is critical
for dual level sets as we have both the outer
and inner governing equations to calibrate.

The affinity operator applied by the
Dual-Level-Set [6] is used to automatically
determine the portions of each deformable
curve that most likely are far away from the
target. The selective  segmentation,
presented in section 6.5, is another
alternative in this line, because the energy
(57) goes to zero nearby the set S of
selected points.

The policy used in section 7.2 to re-
compute the energies associated to the zero
level sets is important to choose, among the
functions ¢, and ¢,, which one will be
evolved. The Algorithm 2, which
implements most of the revised dual
ACMs, should incorporate such energy
balance in further versions.
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Dual level set models are topologically
adaptable deformable techniques, which
increases their range of applications.
However, such generality increases the
search space complexity and the chances to
get trap in local minima. So, the utilization
of selective segmentation approaches
(section 6.5) is too important if we want to
explore the topological capabilities of dual
level sets.

Also, the similarity operator used as a
stopping criterion in Algorithm 2 has
limitations when the boundary is
represented by a ribbon. Consequently, its
precision may be not enough to allow a
superposition between the zero level sets.
In such cases, illustrated in Figure 8.(b), it
is more efficient to apply dual models just
to reduce the search space and then, to
apply a search based technique to get the
final result (Figure 8.(c)), like performed in
parametric dual snakes [17]. This procedure
is attractive because it simplifies the choice
of parameters for the dual method and
makes lower the computational cost of the
application of a global optimization
technique (see [17] for details).

95 _
e +5LF =0,

Despite of the capabilities to reject local
minima, dual models have also some
disadvantages. Firstly, the method is at
least two times more expensive than single
approaches. Secondly, the initialization
may be a tedious task because the user
should set two curves at the beginning of
the process. As already mentioned, the
setup of parameters is also another point to
be careful because in this case there are two
snakes to be set. The technique presented in
section 7.2 addresses the initialization and
choice of parameters by thresholding
wavelet based energy fields computed over
the image intensities and by computing
expressions (72)-(75), respectively.

To compare the Dual-Level-Set and the
dual geometric active contour [6, 23], we
must firstly notice that the latter uses two
different level set functions to represent
dual contours which increases the
flexibility to represent inner/outer curves if
compared with the former that applies only
one level set function. To see this, for
simplicity, we consider the one dimensional
version of the segmentation problem. In
this case, a simplified level set equation can
be written as [52]:

(78)

The main point is to design the speed function F such that ¢, > 0. If we set the sign of F
opposite to the one of ¢, we get this goal, once:

Hence, considering the embedding function
profile of Figure 5, the desired behavior
can be obtained by the sign distribution of
F, shown in Figure 9.
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(79)

However, we should notice that ¢, = 0
for singular points. So, the values of ¢
remain constant over these points because
¢, becomes null. Thus, we should be
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careful about the surface evolution nearby the singular points because anomalies

(©)

Figure 8: (a) Dual ACM before the segmentation is completed. (c) Search space defined by
dual deformable models. (c) Final result obtained by a search based method (source [58]).

Figure 9: Speed function against level set function signals (source [22]).

may happen. The introduction of the represented by the same level set function
Laplacian (viscosity) term in expression ¢. Such feature makes the control of the
(76) aims to address this issue. However, segmentation  process  sensitive  to
the governing equation (76) updates both parameters choice and numerical issues.

the zero level sets once they are implicitly

31
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As future works in dual ACM models
based on level set methods we can list the
following tasks.

image transforms (like wavelets) or
even machine learning techniques to
improve the capability to decide how

L to go away from a local minimum.
« The combination of shape models g y

with level sets [59] could generate « User interaction: The user can
dual approaches less sensitive to interfere in the dual level set model in
parameter choice because each the initialization, to define the
deformable  model  will evolve inner/outer contours or to specify a set

constrained to the shape space of the
target. However, such solution limits
also the application of the method for
general topologies.

A fundamental and more difficult
point for Dual ACM models is how to
proceed the evolution after both active
contours come at rest but they are far
from each other. The level set with
higher energy must be evolved, but
the method should automatically
realize the level set regions most
likely to lie away from the target
boundary. The affinity operator
(section 7.3) is a methodology to
address  this problem but its
implementation depends on elements
that are application dependent, which
opens new research possibilities for

¢

2D 54| = (229 (5.())°) 179

of points around the boundary of
interest, like performed in section 6.5.
Specific graphical interfaces must be
designed with this aim in order to
make these tasks as user-friendly as
possible.

Comparison between dual level set
performances: in this survey we have
focused in theoretical aspects, trying
to put dual level set models in a
common mathematical background.
The next step is to compare the
efficiency and computational
performance of these algorithms.

When deriving the Euler-Lagrange
equations (20) and (25), we shall
notice that the following term was not
considered:

(80)

Due to expression (14), nearby the zero level set (¢ (x) = 0), we have:

06 ()
d¢

However, Figure 2.(c) shows that this
term may be not negligible. Therefore,
we shall analyze the influence of
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~
~

expression (80)
equations (28).

in the governing
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9 Conclusions and Final Remarks

Dual approaches are powerful techniques to
address the sensitivity to local minima of
usual ACM models. The idea of using two
snakes to seek for the global minimum,
originally proposed in [20], has been
explored through level set along the
literature. Since the initial works [6, 23],
dual ACM models based on level set
techniques have been proposed for
segmentation of medical and biological
images, as reported in this survey.

The idea of embedding the original dual
ACM technique in topologically adaptable
approaches started in the parametric ACM
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